Conformal totally symmetric arbitrary spin currents and shadow fields in flat space-time of dimension greater than or equal to four are studied. Gauge invariant formulation for such currents and shadow fields is developed. Gauge symmetries are realized by involving the Stueckelberg fields. Realization of global conformal boost symmetries is obtained. Gauge invariant differential constraints for currents and shadow fields are obtained. AdS/CFT correspondence for currents and shadow fields and the respective normalizable and non-normalizable solutions of massless totally symmetric arbitrary spin AdS fields is studied. The bulk fields are considered in modified de Donder gauge that leads to decoupled equations of motion. We demonstrate that leftover on-shell gauge symmetries of bulk fields correspond to off-shell gauge symmetries of boundary currents and shadow fields, while de Donder gauge conditions for bulk fields correspond to differential constraints for boundary conformal currents and shadow fields. Breaking conformal symmetries, we find interrelations between the gauge invariant formulation of the currents and shadow fields and the gauge invariant formulation of massive fields. *
Introduction
In view of the aesthetic features of conformal field theory a interest in this theory was periodically renewed (see [1] and references therein). Conjectured duality [2] of large N conformal N = 4 SYM theory and type IIB superstring theory in AdS 5 × S 5 has triggered intensive and in-depth study of various aspects of conformal fields. In space-time of dimension d ≥ 4, conformal fields studied in this paper can be separated into two groups: conformal currents and shadow fields. This is to say that field having Lorentz algebra spin s and conformal dimension ∆ = s + d − 2, is referred to as conformal current with canonical dimension 1 , while field having Lorentz algebra spin s and dual conformal dimension ∆ = 2 − s is sometimes referred to as shadow field 2 . In the framework of AdS/CFT correspondence, the conformal currents and shadow fields manifest themselves in two related ways at least. The conformal currents appear as boundary values of normalazible solutions of equations of motion for bulk fields of IIB supergravity in AdS 5 × S 5 background, while the shadow fields appear as boundary values of non-normalazible solutions of equations of motion for bulk fields of IIB supergravity (see e.g. [8] - [12] 3 ). Also, the conformal currents, which are dual to string theory states, can be built in terms of fields of supersymmetric YM theory. In view of these relations to IIB suprgravity/superstring in AdS 5 × S 5 and supersymmetric YM theory we think that various alternative formulations of conformal currents and shadow fields will be useful to understand string/gauge theory dualities better. The purpose of this paper is to develop gauge invariant formulation for conformal currents and shadow fields. In this paper, we discuss bosonic arbitrary spin conformal currents and shadow fields in space-time of dimension d ≥ 4. Our approach can be summarized as follows. i) We introduce additional field degrees of freedom, i.e., we extend field space of conformal currents (and shadow fields). We note that these additional field D.o.F are similar to the ones used in gauge invariant formulation of massive fields. Sometimes, such additional field D.o.F are refereed to as Stueckelberg fields. ii) On extended field space of currents (and shadow fields), we introduce new differential constraints and gauge symmetries. iii) new differential constraints respect gauge symmetries and conformal algebra transformations. 1 We note that conformal currents with s = 1, ∆ = d − 1 and s = 2, ∆ = d, correspond to conserved vector current and conserved traceless rank-2 tensor field (energy-momentum tensor) respectively. Conserved conformal currents can be built from massless scalar, spinor and spin-1 fields (see e.g. [3] ). Discussion of higher-spin conformal conserved charges bilinear in 4d massless fields of arbitrary spins may be found in [4] . 2 It is the shadow fields that are used to discuss conformal invariant equations of motion and Lagrangian formulations (see e.g. [1, 5, 6] ). Discussion of equations for mixed symmetry conformal fields with discrete ∆ may be found in [7] . 3 In earlier literature, discussion of shadow field dualities may be found in [13, 14] .
iv) gauge symmetries and differential constraints retain field D.o.F of the generic conformal currents and shadow fields, i.e., by appropriate gauge fixing and by solving differential constraints we obtain standard formulation of conformal currents and shadow fields. We apply our approach to the study of AdS/CFT correspondence at the level state/operators matching in Lorentzian signature. We shall demonstrate that normalizable solutions of massless fields in AdS are related to conformal currents, while the non-normalizable solutions of massless fields in AdS are related to shadow fields. In the earlier literature, such correspondence was studied for scalar field in [8, 11] and for arbitrary spin fields taken to be in light-cone gauge in Ref. [10] . In the latter reference, we have also developed light-cone formulation of CFT. Light-cone formulation of CFT breaks boundary Lorentz symmetries and therefore is not commonly used. It is desirable therefore to develop AdS/CFT correspondence for arbitrary spin fields by maintaining boundary Lorentz symmetries 4 . This is that we do, among other things, in this paper. As is well known, in the case of the massless fields, investigation of AdS/CFT correspondence requires analysis of some subtleties related to the fact that transformations of bulk massless fields are defined up to local gauge transformations. In our approach these complications are easily solved. Our approach to study of AdS/CFT correspondence can be summarized as follows. i) We use modified Lorentz gauge (for spin-1 field) found in Ref. [10] and modified de Donder gauge (for spin s ≥ 2 fields) found in Ref. [15] . Remarkable property of these gauges is that they lead to decoupled bulk equations of motion and this streamlines analysis solutions of bulk equations of motions 5 .
ii) Number of boundary gauge conformal currents (or shadow fields) in our gauge invariant approach coincides with number of bulk massless gauge fields in the standard approach of Ref. [16] . iii) Number of gauge transformation parameters in our gauge invariant approach to currents (or shadow fields) coincides with number of gauge transformation parameters of bulk massless gauge fields in the standard approach of Ref. [16] . iv) Our modified Lorentz gauge (for spin-1 field) and modified de Donder gauge (for spin s ≥ 2 fields) turn out to be related to differential constraints we obtained in the framework of gauge invariant formulation for conformal currents (and shadow fields). v) Leftover on-shell bulk gauge symmetries of massless fields are related to off-shell gauge 4 One of popular gauges that respects boundary Lorentz symmetries is the radial gauge. The radial gauge is applicable to study AdS/CFT correspondence for normalizable solutions and corresponding conformal currents but not applicable to study of the correspondence between non-normalizable solutions and shadow fields. 5 To our knowledge, our modified Lorenz gauge (for spin-1 field) and modified de Donder gauges (for spin s ≥ 2 fields) are unique first-derivative gauges that lead to decoupled bulk equations of motion. Another gauge that also leads to decoupled bulk equations of motion is the light-cone gauge (see Ref. [10] 
We adopt the notation
To avoid complicated tensor expressions we use a set of the creation operators α a , α z , and the respective set of annihilation operatorsᾱ a ,ᾱ z ,
These operators satisfy the commutators
3) and will often be referred to as oscillators in what follows 6 . The oscillators α a ,ᾱ a and α z , α z , transform in the respective vector and scalar representations of the so(d − 1, 1) Lorentz algebra and satisfy the following hermitian conjugation rules:
Throughout this paper we use operators constructed out the oscillators,
Global conformal symmetries
The conformal algebra so(d, 2) of d dimensional space-time taken to be in basis of the Lorentz algebra so(d − 1, 1) consists of translation generators P a , conformal boost generators K a , and generators J ab which span so(d − 1, 1) Lorentz algebra. We assume the following normalization for commutators of the conformal algebra:
Let |φ denotes conformal current (or shadow field) in flat space-time of dimension d ≥ 4. Let the differential constraints for the field |φ respect conformal invariance. This implies, that differential constraints are invariant with respect to transformation
where realization of the conformal algebra generatorsĜ in terms of differential operators takes the form
12)
14)
and we use the notation
In (2.13)-(2.15), ∆ is operator of conformal dimension, M ab is spin operator of the Lorentz algebra,
and R a is operator depending, in general, on derivatives with respect to space-time coordinates 7 and not depending on space-time coordinates
For conformal currents and shadow fields studied in this paper, the operator R a does not depend on derivatives. Dependence on derivatives of R a appears e.g., in ordinary-derivative approach to conformal fields [21] .
The spin operator of the Lorentz algebra is well known for arbitrary spin conformal currents and shadow fields. In standard formulations of conformal currents and shadow fields, the operator R a is equal to zero, while in gauge invariant approach, we develop in this paper, the operator R a is non-trivial. This implies that, in the framework of gauge invariant approach, complete description of the conformal currents and shadow fields requires finding not only differential constraints and gauge transformations but also the operator R a . It turns out that requiring gauge invariance of differential constraints and invariance of the differential constraints with respect to global conformal symmetries allows us to fix gauge symmetries, differential constraints and the operator R a uniquely.
Standard approach to conformal currents and shadow fields
We begin with short review of the standard approach to conformal currents and shadow fields. To keep our presentation as simple as possible we restrict our attention to the case of arbitrary spin totally symmetric conformal currents and shadow fields which have appropriate canonical dimensions given below. In this section we recall main facts of conformal field theory about these currents and shadow fields. Conformal current with canonical dimension. Consider totally symmetric rank-s tensor field T a 1 ...as of the Lorentz algebra so(d − 1, 1), where d is dimension of the Minkowski space.
The field is refereed to as spin-s conformal current with canonical dimension if T a 1 ...as satisfies the constraints
and has conformal dimension ii) The field Φ a 1 ...as transforms under conformal algebra so that the following two point current-shadow field interaction vertex
is invariant (up to total derivatives) with respect to conformal algebra transformations. From this definition we obtain i) Taking into account conformal dimension of current (3.2) and requirement of invariance of (3.4) with respect to dilatation symmetry we obtain that the spin-s shadow field has conformal dimension ∆ = 2 − s , (3.5) which is refereed to as canonical conformal dimension of spin-s shadow field. ii) Taking into account divergence-free constraint (3.1) we see that the shadow field is defined by module of gauge transformation The fields φ a cur and φ cur transform in the respective vector and scalar irreps of the Lorentz algebra so(d − 1, 1). We note that the fields φ a cur and φ cur (4.1) have conformal dimensions 
where ξ cur is a gauge transformation parameter. Also, one can check that the constraint is invariant with respect to the conformal algebra so(d, 2) transformations. In order to obtain realization of conformal boost symmetries in an easy-to-use form we use a set of the creation operators α a , α z , and the respective set of annihilation operators,ᾱ a , α z . Then, fields (4.1) can be collected into a ket-vector |φ cur defined by
We now find that a realization of the operators ∆ and R a on |φ cur take the form
From (4.5), we see that the scalar field φ cur transforms as Stueckelberg field, i.e., this field can be gauged away via Stueckelberg gauge fixing. If we gauge away the scalar field then the remaining vector field φ a cur becomes, according to constraints (4.3), divergence-free. In other words, our constraint (4.3) taken to be in gauge φ cur = 0 reduces to the well-known divergence-free constraint of the standard approach.
Gauge invariant formulation of spin-1 shadow field
Field content. To discuss gauge invariant formulation of spin-1 shadow field in space of dimension d ≥ 4 we use one vector field φ a sh and one scalar field φ sh :
The fields φ a sh and φ sh transform in the respective vector and scalar representations of the Lorentz algebra so(d − 1, 1). We note that the fields φ a sh and φ sh (4.9) have conformal dimensions
We now introduce the following differential constraint
It easy to see that this constraint is invariant with respect to gauge transformations
where ξ sh is a gauge transformation parameter. Also, one can check that the constraint is invariant with respect to the conformal algebra so(d, 2) transformations. As before, to obtain realization of conformal boost symmetries we use a set of the creation operators α a , α z , and the respective set of annihilation operators,ᾱ a ,ᾱ z . Then, fields (4.9) can be collected into a ket-vector |φ sh defined by
We now find that a realization of the operators ∆ and R a on |φ sh take the form
Gauge transformation for the scalar field φ sh (4.13) involves Dalambertian operator 2 and therefore this transformation is not realized as the standard Stueckelberg (Goldstone) gauge symmetry. Therefore, strictly speaking, the scalar field appearing in gauge invariant formulation of spin-1 shadow field cannot be refereed to as Stueckelberg field.
Gauge invariant formulation of spin-2 conformal current
Field content. To discuss gauge invariant formulation of spin-2 conformal current in flat space of dimension d ≥ 4 we use one rank-2 tensor field φ ab cur , one vector field φ a cur and one scalar field φ cur :
The fields φ ab cur , φ a cur and φ cur transform in the respective rank-2 tensor, vector and scalar representations of the Lorentz algebra so(d − 1, 1). Note that the field φ ab cur is not traceless. We note that these fields have conformal dimensions
We now introduce the following differential constraints
20)
One can make sure that these constraints are invariant with respect to gauge transformations
23)
where ξ a cur , ξ cur are gauge transformation parameters. Also, one can check that these constraints are invariant with respect to the conformal algebra so(d, 2) transformations.
In order to obtain realization of conformal boost symmetries in an easy-to-use form we use a set of the creation operators α a , α z , and the respective set of annihilation operators,ᾱ a , α z . Then, fields (4.1) can be collected into a ket-vector |φ cur defined by
From (4.23),(4.24), we see that the vector and scalar fields φ a cur , φ cur transform as Stueckelberg fields, i.e., these fields can be gauged away via Stueckelberg gauge fixing. If we gauge away these fields, then the remaining rank-2 tensor field φ ab cur becomes, according to constraints (4.19), (4.20) , divergence-free and traceless. In other words, our constraints taken to be in gauge φ a cur = 0, φ cur = 0 reduce to the well-known divergence-free and tracelessness constraints of the standard approach.
We note that our approach can be related with the standard approach without gauge fixing, i.e., by maintaining gauge symmetries. This is to say that one can construct the following gauge invariant field
In other words, one can make sure that i) T ab is invariant with respect to gauge transformations given in (4.22)-(4.24).
ii) differential constraints for gauge fields (4.19), (4.20) amount to the standard tracelessness and divergence-free constraints for the field T ab ,
This, in our approach, the gauge invariant tensor field T ab (4.31) is counterpart of the energymomentum tensor appearing in standard formulation of CFT.
Gauge invariant formulation of spin-2 shadow field
Field content. To discuss gauge invariant formulation of spin-2 shadow field in flat space of dimension d ≥ 4 we use one rank-2 tensor field φ ab sh , one vector field φ a sh and one scalar field φ sh :
The fields φ ab sh , φ a sh and φ sh transform in the respective rank-2 tensor, vector and scalar representations of the Lorentz algebra so(d − 1, 1). We note that these fields have conformal dimensions
39)
where ξ a sh , ξ sh are gauge transformation parameters. Also, one can check that these constraints are invariant with respect to the conformal algebra so(d, 2) transformations.
In order to obtain realization of conformal boost symmetries in an easy-to-use form we use a set of the creation operators α a , α z , and the respective set of annihilation operators,ᾱ a , α z . Then, fields (4.1) can be collected into a ket-vector |φ sh defined by
Gauge transformations for the scalar field φ sh (4.39) and the vector field φ a sh (4.40) involve Dalambertian operator 2 and therefore these transformations are not realized as the standard Stueckelberg (Goldstone) gauge symmetries. Therefore, strictly speaking, the scalar and vector fields appearing in gauge invariant formulation of spin-2 shadow field cannot be refereed to as Stueckelberg fields. This, in contrast with gauge invariant approach to spin-2 current, the scalar and the vector fields appearing in gauge invariant approach to spin-2 shadow field are not Stueckelberg fields and cannot be gauged away via simple Stueckelberg gauge fixing. All that we can do is to express these fields in terms of the rank-2 tensor field φ ab sh using constraints (4.35), (4.36) . On the other hand, from (4.38), we see that only trace of the rank-2 tensor field φ ab sh transforms as Stueckelberg field, i.e., only φ aa sh can be gauged away via Stueckelberg gauge fixing.
As in the case of conformal current, we can introduce gauge invariant field F ab g.inv , which should not be confused with the generic shadow field, Φ ab , of the standard approach. This, one can construct the following gauge invariant field:
In other words, one can check that i) F ab g.inv is invariant with respect to gauge transformations given in (4.38)-(4.40). ii) differential constraints for gauge fields (4.35),(4.36) lead to tracelessness and divergencefree constraints for the field F ab g.inv ,
Note that constraints (4.46) are not equivalent to (4.35), (4.36) . Namely, if we denote the respective left hand sides of (4.35) and (4.36) by C a sh and C sh , then one has the relations
This, we see that C sh = 0, C 
Gauge invariant formulation of arbitrary spin conformal current
Field content. To discuss gauge invariant formulation of arbitrary spin-s conformal current in flat space of dimension d ≥ 4 we use the following set scalar, vector and tensor fields of the Lorentz algebra so(d − 1, 1):
The subscript s ′ denotes that the field φ
cur, s ′ is rank-s ′ tensor field of the Lorentz algebra
. We note that the conformal dimension of the field φ
We note that i) In (5.1), the fields φ cur, 0 and φ a cur, 1 are the respective scalar and vector fields of the Lorentz algebra, while the fields φ 
In order to obtain the gauge invariant description in an easy-to-use form we use a set of the creation operators α a , α z , and the respective set of annihilation operators,ᾱ a ,ᾱ z . Then, fields (5.1) can be collected into a ket-vector |φ cur defined by
From (5.4),(5.5), we see that the ket-vector |φ cur is degree-s homogeneous polynomial in the oscillators α a , α z . In other words, the ket-vector |φ cur satisfies the relation
Also, note that the ket-vector |φ s ′ is degree-s ′ homogeneous polynomial in the oscillators α a ,
i.e., the ket-vector |φ s ′ satisfies the relation
In terms of the ket-vector |φ , double-tracelessness constraint (5.3) takes the form
Differential constraints. We find the following gauge invariant and conformal invariant differential constraint for conformal current: 10 In this paper we adopt the formulation in terms of the double tracelless gauge fields [16] . Adaptation of approach in Ref. [16] to massive fields may be found in [24, 25] . Discussion of various formulations in terms of unconstrained gauge fields may be found in [26] - [31] . For recent review, see [32] . Discussion of other formulations which seems to be most suitable for the theory of interacting fields may be found e.g. in [40, 41] .
13)
Gauge symmetries of conformal current. We now discuss gauge symmetries of the conformal current. To this end we introduce the following set of gauge transformation parameters:
We note that i) In (5.16), the gauge parameters ξ cur, 0 and ξ a cur, 1 are the respective scalar and vector fields of the Lorentz algebra, while the gauge parameters ξ
tensor fields of the Lorentz algebra so(d − 1, 1).
ii) The gauge parameters ξ
iii) The gauge parameters ξ
Now, as usually, we collect gauge transformation parameters in ket-vector |ξ cur defined by
The ket-vectors |ξ cur , |ξ cur, s ′ satisfy the algebraic constraints
which tell us that |ξ cur is a degree-(s − 1) homogeneous polynomial in the oscillators α a , α z , while the ket-vector |ξ cur, s ′ is degree-s ′ homogeneous polynomial in the oscillators α a .
In terms of the ket-vector |ξ cur , tracelessness constraint (5.17) takes the form
Gauge transformations can entirely be written in terms of |φ cur and |ξ cur . This is to say that gauge transformations take the form
24)
25)
where e 1 is given in (5.15).
Realization of conformal boost symmetries.
To complete gauge invariant formulation of spin-s conformal current we provide realization of the conformal algebra symmetries on the space of the ket-vector |φ cur . All that is required is to fix operators M ab , ∆ and R a for the case of spin-s conformal current and then use these operators in (2.12)-(2.15). As to operators M ab , ∆ they are fixed immediately. For the case of arbitrary spin-s conformal current the spin operator of the Lorentz algebra takes the form
Realization of conformal dimension operator ∆ on space of |φ cur can be read from (5.2),
In the gauge invariant formulation, finding the operator R a provides the real difficulty. Representation of the operator R a on space of |φ cur we find is given by
Equivalence of the gauge invariant and standard approaches. We begin with comment on the structure of gauge transformations (5.24). Making use of simplified notation for derivatives, conformal currents, and flat metric tensor 
Currents (5.38) are noting but the Stueckelberg fields in our approach. We now discuss restrictions imposed by differential constraints (5.9). To this end we note that our gauge fixing (5.38) can be written in terms of the ket-vector |φ cur, s ′ as
which, in turn, can be represented as
Making use of gauge condition (5.39) in differential constraint (5.9) leads to
which, by using (5.40), can be represented as This implies that our gauge invariant approach is equivalent to the standard one.
Gauge invariant formulation of arbitrary spin shadow field
Field content. To discuss gauge invariant formulation of arbitrary spin-s shadow field in flat space of dimension d ≥ 4 we use the following set scalar, vector and tensor fields of the Lorentz algebra so(d − 1, 1): In order to obtain the gauge invariant description in an easy-to-use form we use a set of the creation operators α a , α z , and the respective set of annihilation operators,ᾱ a ,ᾱ z . Then, fields (5.1) can be collected into a ket-vector |φ sh defined by
From (6.4),(6.5), we see that the ket-vectors |φ sh , |φ sh, s ′ satisfy the constraints
These constraints tell us that |φ sh is a degree-s homogeneous polynomial in the oscillators α a , α z , while the ket-vector |φ sh, s ′ is degree-s ′ homogeneous polynomial in the oscillators α a . In terms of the ket-vector |φ sh , double-tracelessness constraint (6.3) takes the form
Differential constraint. We find the following gauge invariant and conformal invariant differential constraint for shadow field:
10)
Gauge symmetries of shadow fields. We now discuss gauge symmetries of the shadow field. To this end we introduce the following set of gauge transformation parameters: iii) The gauge parameters ξ
Now, as usually, we collect gauge transformation parameters in ket-vector |ξ sh defined by
The ket-vectors |ξ sh , |ξ sh, s ′ satisfy the algebraic constraints
which tell us that |ξ sh is a degree-(s − 1) homogeneous polynomial in the oscillators α a , α z , while the ket-vector |ξ sh, s ′ is degree-s ′ homogeneous polynomial in the oscillators α a .
In terms of the ket-vector |ξ sh , tracelessness constraint (5.17) takes the form
Gauge transformations can entirely be written in terms of |φ sh and |ξ sh . This is to say that gauge transformations take the form
Realization of conformal boost symmetries.
To complete gauge invariant formulation of spin-s shadow field we provide realization of the conformal algebra symmetries on the space of the ket-vector |φ sh . This, one needs to fix operators M ab , ∆ and R a for the case of spin-s shadow field to insert them in (2.12)-(2.15). For the case of arbitrary spin-s shadow field the spin operator of the Lorentz algebra takes the form
Realization of conformal dimension operator ∆ on space of |φ sh can be read from (6.2),
Representation of the operator R a on space of |φ sh we find is given by
Equivalence of gauge invariant and the standard approaches. We begin with comment on the structure of gauge transformations (6.24) and identification of Stueckelberg shadow fields in the gauge invariant approach. Making use of simplified notation for derivatives, conformal currents, and flat metric tensor cannot be gauged away via Stueckelberg gauge fixing. From (6.32), it is easy to see that by using gauge symmetries related to gauge parameters
we can impose the following gauge fixing
This, it is the shadow fields in (6.38) that are the Stueckelberg fields in the framework of gauge invariant approach. We now discuss restrictions imposed by differential constraints (6.9). To this end we note that our gauge fixing (6.38) can be written in terms of the ket-vector |φ sh, s ′ as
Making use of gauge condition (6.39) in (6.9) leads to
Relations (6.40) imply that all fields |φ sh, s ′ can be expressed in terms of one field |φ sh, s subject to tracelessness constraint (see (6.39) when s ′ = s). This, we are left with one spin-s traceless shadow field |φ sh, s and one surviving gauge symmetry generated by gauge parameter ξ sh, s . This implies that our gauge invariant approach is equivalent to the standard one.
Two point current-shadow field interaction vertex
We now discuss two-point current-shadow field interaction vertex. In gauge invariant approach, interaction vertex is fixed by requiring the vertex to be invariant with respect to both gauge symmetries of currents and shadow fields. Also, the interaction vertex should be invariant with respect to conformal symmetries. Spin-1. We begin with spin-1 fields. Let us consider the following vertex:
It is easy to see that under gauge transformations of current (4.4),(4.5), variation of vertex (7.1) takes the form
From this expression, we see that L is invariant provided the shadow field satisfies differential constraint (4.11). Also, we find that under gauge transformations of shadow field (4.12),(4.13) variation of interaction vertex takes the form
This, the vertex L is invariant with respect to gauge symmetries of shadow field provided the current satisfies differential constraint (4.3). 
This vertex is invariant with respect to gauge symmetries of shadow field (6.24) provided the current satisfies differential constraints (5.9). Vertex (7.5) is also invariant with respect to gauge symmetries of current (5.24) provided the shadow field satisfies differential constraint (6.9). Using expressions for generators of conformal algebra and operator R a (5.29), (6.29) one can check that L (7.5) is also invariant with respect to global conformal symmetries. To summarize our gauge invariant approach we note that if we fix field content then the differential constraints, the gauge transformations, the operator R a , and two point currentshadow field interaction vertex are fixed uniquely by following requirements: 11 i) Derivative depending part of the gauge transformations, that does not involve Dalambertian operator 2, is entirely governed by α∂-term.
ii) Operator R a does not depend on derivatives;
iii) Differential constraints should be invariant with respect to gauge transformations and conformal algebra transformations. iv) Two point current-shadow field interaction vertex should be invariant with respect to gauge transformations and conformal algebra transformations.
AdS/CFT correspondence
We now apply our results to the study of AdS/CFT correspondence at the level state/operators matching. As is well known in the case of the massless fields, investigation of AdS/CFT correspondence requires analysis of some subtleties related to the fact that transformations of bulk massless fields are defined up to local gauge transformations. In our approach, these complications are easy controllable. We investigate correspondence between solutions of equations of motion for totally symmetric bulk fields and fields of boundary conformal theory. We demonstrate that normalizable modes of bulk field are related to conformal currents, while non-normalizable modes are related to shadow fields.
AdS/CFT correspondence for spin-1 field was considered in the earlier literature by exploiting radial gauge. We consider AdS/CFT correspondence by using so called modified Lorentz gauge for spin-1 field and modified de Donder gauge for spin s ≥ 2 fields. One of advantages of using these gauges is that they allow to obtain decoupled equations of motion for arbitrary spin fields in AdS. These gauges respect boundary Lorentz symmetries of so (d−1, 1) , but breaks Lorentz symmetry so(d, 1) of AdS d+1 space. To discuss field dynamics in AdS d+1 we use line element of AdS space taken to be in Poincaré coordinates,
AdS/CFT correspondence for spin-1 fields
As a warm up let us consider spin-1 Maxwell field. In d + 1 dimensional AdS space the spin-1 field is described by fields φ a (x, z) and φ(x, z). In modified Lorentz gauge 12 found in Ref. [10] ,
we obtain decoupled equations of motion for the fields φ a and φ,
Gauge condition (8.2) and equations of motion (8.3), (8.4) are invariant with respect to leftover on-shell gauge transformations
where the gauge parameter ξ satisfies equations of motion 12 Discussion of AdS/CF T correspondence for spin-1 Maxwell field by using radial gauge may be found in [34] .
It is easy to see that normalizable solution of equations (8.3), (8.4) takes the form
while the non-normalizable solution is given by
where we introduce operator U defined by 13) and J ν stands for standard Bessel function. Taking into account well-known properties of Bessel function we find that asymptotic behavior of the normalizabe solution is given by , φ sh since we are going to demonstrate that these boundary values are indeed the conformal currents and shadow fields which appeared in gauge invariant formulation we developed in this paper. Namely one can prove the following statements: i) Leftover on-shell gauge transformations for normalizable (non-normalizable) solutions of equations of motion for massless spin-1 field in AdS (8.6),(8.7) lead to the off-shell gauge transformations for conformal currents φ a cur , φ cur (4.4),(4.5) (shadow fields φ a sh , φ sh (4.12),(4.13)). 13 To keep discussion from becoming unwieldy here and below we restrict our attention to odd d. In this case the solutions given in (8.9),(8.10) and (8.11),(8.12) are independent.
ii) Modified Lorentz condition for normalizable (non-normalizable) solutions of equations of motion for massless spin-1 field in AdS (8.2) leads to differential constraints for conformal currents φ a cur , φ cur (4.3) (shadow fields φ a sh , φ sh (4.11)) iii) Global so(d, 2) symmetries of normalizable (non-normalizable) massless spin-1 modes in AdS d+1 become global so(d, 2) conformal symmetries of conformal spin-1 current (shadow field).
These statements can easily be proved by using the following relations for the operator U:
which in turn are easily obtained form the following well-known identities for Bessel function:
As an illustration let us demonstrate how the constraint for conformal current (4.3) can be obtained from modified Lorentz condition (8.2) . To this end we adapt relation (8.19) with ν = ν 0 to obtain
Plugging normalizable solutions φ a norm (8.9), φ norm (8.10) in modified Lorentz condition (8.2) and using (8.23) we obtain relation
From this relation, we see that our modified Lorentz condition leads indeed to differential constraint for conformal current. As second illustration, let us demonstrate how the off-shell gauge transformation for conformal current (4.4),(4.5) can be obtained from leftover on-shell gauge transformations for massless field (8.6), (8.7) . To this end we note that the respective normalizable and non-normalizable solutions of equations for gauge parameter (8.8) take the form
Plugging (8.25) and (8.9) in (8.6) we see that (8.6) leads indeed to (4.4). To match the remaining gauge transformations (8.7) and (4.5) we adapt the relation (8.18) with ν = ν 1 to obtain
Plugging (8.25) in (8.7) and using (8.27) we obtain
Taking into account (8.10) we see that gauge transformations (8.7) and (4.5) are match.
In similar way one can demonstrate matching leftover on-shell gauge transformations for non-normalizable solutions and off-shell gauge transformations for shadow field as well as matching modified Lorentz condition for non-normalizable solution and differential constraint for shadow field.
AdS/CFT correspondence for spin-2 fields
We now proceed with discussion of AdS/CFT correspondence for bulk massless spin-2 field in AdS d+1 space and boundary conformal current and shadow fields. We now prefer to use modified de Donder gauge condition for bulk massless spin-2 field found in Ref. [15] 14 . This, in Ref. [15] we found that some modification of the standard de Donder gauge condition leads to decoupled equations of motion for spin-2 field. We begin therefore with presentation of results in Ref. [15] . In AdS d+1 space, massless spin-2 field is described by fields φ ab (x, z), φ a (x, z), φ(x, z). The field φ ab is rank-2 tensor field of the algebra so(d − 1, 1), while φ a and φ are vector and scalar fields of the algebra so(d − 1, 1). Gauge condition, which we refer to as modified de Donder gauge condition, is defined to be
Remarkable property of these gauge conditions is that they lead to decoupled equations of motion for the fields φ ab , φ a , φ,
These equations and gauge conditions (8.29), (8.30) are invariant with respect to leftover on-shell gauge transformations given by 38) where the gauge transformation parameters ξ a and ξ satisfy the respective equations of motion,
This, we see that our modified de Donder gauge leads to decoupled equations of motion for both the gauge fields and gauge transformation parameters. This streamlines investigation of AdS/CFT correspondence. First of all we note that normalizable solution of equations of motion is given by
while non-normalizable solution takes the form
From these relations, we find asymptotic behavior of the normalizable solution
while the asymptotic behavior of the non-normalizable solution takes the form iii) Global so(d, 2) bulk symmetries of normalizable (non-normalizable) massless spin-2 modes in AdS d+1 become global so(d, 2) boundary conformal symmetries of spin-2 current (shadow field).
These statements can easily be proved in the same way as in the case of massless spin-1 field. All one needs is to use relations for the operator U given in (8.18)- (8.21) . In due course on needs also to use the following normalizable solution of equations of motion for gauge parameters in (8.39), (8.40) :
and appropriate non-normalizable solution given by
9 AdS/CFT correspondence for arbitrary spin fields
We finish discussion of AdS/CFT correspondence by considering correspondence for bulk massless arbitrary spin-s field in AdS d+1 space and boundary conformal current and shadow field. To discuss the correspondence we prefer to use modified de Donder gauge condition 15 for bulk massless arbitrary spin field. In Ref. [15] we found that some modification of the standard de Donder gauge condition leads to decoupled equations of motion for arbitrary spin field 16 .
We begin therefore with presentation of results in Ref. [15] . In AdS d+1 space massless spin-s field is described by the following set scalar, vector and tensor fields of the Lorentz algebra
The fields φ
In order to obtain the gauge invariant description in an easy-to-use form we use a set of the creation operators α a , α z , and the respective set of annihilation operators,ᾱ a ,ᾱ z . Then, 15 Recent interesting applications of the standard de Donder gauge to the various problems of higher-spin fields may be found in Refs. [37, 38] . 16 We believe that our modified de Donder gauge will also be useful for better understanding of various aspects of AdS/QCD correspondence which are discussed e.g. in [42] - [45] .
fields (9.1) can be collected into a ket-vector |φ defined by
From (9.3),(9.4), we see that the ket-vector |φ is degree-s homogeneous polynomial in the oscillators α a , α z , while the ket-vectors |φ s ′ are degree-s ′ homogeneous polynomial in the oscillators α a , i.e., these ket-vectors satisfy the relations
Gauge condition, which we refer to as modified de Donder gauge condition, is defined to beC bul |φ = 0 , (9.7)
9)
11) e 1,1 = −α z e 1 (9.12)
In this gauge, we obtain decoupled equations of motion for massless field |φ ,
Gauge condition (9.7) and equations (9.15) are gauge invariant with respect to leftover on-shell gauge symmetries
17)
18) 19) where e 1 ,ē 1 are given in (9.10),(9.11) and gauge transformation ket-vector |ξ satisfies the equations of motion 20) with ν given (9.16). We note that the ket-vector |ξ is represented in terms of components gauge transformation parameters as 22) and satisfies the standard traceless constraint
It is easy to see that normalizable solution of equations (9.15) takes the form 24) while the non-normalizable solution is given by 25) where the operator U is defined as in (8.13) . From these relations, we find asymptotic behavior of our solutions 27) break Lorentz symmetry so(d, 1) of AdS d+1 space. Before to proceed let us present realization of so(d, 2) bulk symmetries on massless spin-s field |φ in AdS d+1 space:
45) whereC a is given in (5.30). We now note that it is symmetries generated by conformal boosts K a that are broken by our modified Lorentz and de Donder gauge conditions. In order to restore these symmetries we should, following standard procedure, add compensating gauge transformations to maintain conformal boost symmetries. This, in order to find K atransformations of gauge fixed field |φ we start with the generic global K a -transformations (9.41) for the gauge field |φ supplemented by appropriate compensating gauge transformation
where the gauge transformation is taken to be as in (9.17) with substitution |ξ → |ξ K a . The compensating gauge transformation parameter |ξ K a is found from the equation
where operatorC bul defines our gauge condition (see (9.7)). Equation (9.50) amounts to the following equation 
All that remains then is to plug solutions (9.52), (9.53) in (9.49) and make sure that these transformations for normalizable (and non-normalizable) bulk modes lead to conformal boost transformations for current and shadow fields with respective operators R a defined in (5.29) and (6.29) . This can easily be proved by using relations for the operator U given in (9.30)-(9.37).
Interrelations between gauge invariant approaches to cuurents, shadow fields and massive fields
The gauge invariant formulation of conformal currents and shadow fields involves Stueckelberg fields. As is well known, the gauge invariant description of massive field is also formulated by using Stueckelberg fields. It is worth mentioning that number of Stueckelberg fields in gauge invariant approach to current coincides with number of Stueckelberg fields in the gauge invariant approach to massive field. Moreover, there are other interesting interrelations between gauge invariant approaches to the conformal currents, shadow fields and massive fields. These interrelations are realized by breaking conformal symmetries and can be summarized as follows. i) gauge transformations of massive fields can be obtained from the ones for conformal currents (or shadow fields) by making replacement
in gauge transformations of conformal currents (or shadow fields) and by making appropriate re-scaling of conformal currents (or shadow fields).
ii) Lorentz gauge for massive spin-1 field and de Donder gauge for massive spin s ≥ 2 fields can be obtained by making replacement (10.1) in differential constraints of conformal currents (or shadow fields) and by making appropriate re-scaling of conformal currents (or shadow fields).
We note that it is substitution (10.1) that breaks conformal symmetries.
Interrelations for spin-1 fields. As illustration, consider massive spin-1 field with Lagrangian which is invariant with respect to gauge transformations We note that gauge invariant representation of spin-2 current given in (4.31) has counterpart in the theory of massive fields. This, we consider the following representation of Pauli-Fierz field in terms of massive gauge fields: gives gauge invariant Lagrangian (10.8). We note also Φ ab P −F is gauge invariant with respect to gauge transformations given in (10.9)-(10.11).
It is easy to see that expression for Φ ab P −F given in (10.18) can simply be obtained by making substitution (10.1), (10.12) in expression for conformal spin-2 current (4.31).
Interrelations for arbitrary spin fields. Now let us consider interrelations between gauge invariant approaches to arbitrary spin massive fields, conformal currents and shadow fields. We begin with comparison of gauge transformations. Gauge transformations for massive arbitrary spin-s field take the form δ|φ msv = (α∂ + b 1 + b 2 α 2 )|ξ msv , (10.20) Note that we have obtained gauge transformations of massive fields and de Donder gauges from gauge transformations and differential constraints of conformal currents (or shadow fields). It is clear that we can formally inverse our substitutions, i.e., we can obtain gauge transformations and differential constraints of conformal currents (or shadow field) from gauge transformations and de Donder gauges of massive fields by using formal inverse substitution, i.e., first, by making appropriate re-scaling of massive fields and then making substitution m 2 → 2. By now, in the literature, there are various approaches to gauge invariant formulations of massive fields. Obviously, use of just mentioned interrelations between conformal and massive fields might be helpful for straightforward generalization of those approaches to the case of conformal fields. 
